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MORE RICCI-FLAT BRANES
JOSÉ MIGUEL FIGUEROA-O'FARRILL
Abstrat. Certain supergravity solutions (inluding domain walls
and the magneti vebrane) have reently been generalised by
Breher and Perry by relaxing the ondition that the brane world-
volume be at. In this way they obtain examples in whih the
brane worldvolume is a stati spaetime admitting parallel spinors.
In this note we simply point out that the restrition to stati spae-
times is unneessary, and in this way exhibit solutions where the
brane worldvolume is an indeomposable Rii-at lorentzian man-
ifold admitting parallel spinors. We disuss more Rii-at ve-
branes and domain walls, as well as new Rii-at D3-branes.
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1. Introdution
Classial solutions to supergravity theories, partiularly those whih
preserve some of the supersymmetry, have played an enormously im-
portant role in many of the reent developments in nonperturbative
string theory as well as in establishing new orrespondenes between
gravity and gauge theory. Notwithstanding the vigorous eort that has
been made in the last several years and the rapid progress in under-
standing the geometry of these solutions, one is nevertheless left with
the feeling that we have merely srathed the surfae of what appears
to be a very rih moduli spae.
Roughly speaking the metri of a typial p-brane solution is a warped
produt of two spaetimes: the worldvolume of the brane (traditionally
taken to be (p + 1)-dimensional Minkowski spaetime) and the trans-
verse spae to the brane. In the elementary brane solutions, the trans-
verse spae is taken to be eulidean spae; but by now many solutions
have been obtained where the transverse geometry is more interesting.
Not all of these solutions orrespond to loalised branes, but many
Date: O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whih do an be interpreted as branes loalised at onial singularities
in manifolds of speial holonomy, the redution of the holonomy being
a familiar phenomenon in supersymmetry.
In light of the body of work on D-branes in urved manifolds (see,
e.g., [7℄ and referenes therein), where brane worldvolumes are gener-
ially urved, the restrition to at brane worldvolumes seems unnat-
ural, and in reent work [3℄ Breher and Perry set out to onstrut
examples of supersymmetri brane solutions where the brane worldvol-
ume is taken to be a urved manifold.
Their analysis shows that for the supergravity equations of motion
to be obeyed, the brane worldvolume must be Rii-at, whereas su-
persymmetry ditates that it should in addition admit parallel (i.e.,
ovariantly onstant) spinors. Up to dimension three, Rii-atness
implies atness, but for p-branes with p ≥ 3, one should be able to
write down solutions with a urved brane worldvolume. In [3℄ the
authors disuss mainly domain walls (i.e., branes whose worldvolumes
have odimension 1) and the magneti vebrane. Furthermore they use
the known lassiation of riemannian holonomy groups to attempt to
lassify the possible brane worldvolumes.
This analysis ontains the tait assumption that the brane worldvol-
ume B of the p-brane is a stati spaetime; that is, its metri is of the
form:
ds2(B) = −dt2 + ds2(X) ,
where X is a p-dimensional riemannian manifold admitting parallel
spinors. Suh a metri is automatially Rii-at, and the (restrited)
holonomy group H of X is onstrained to be one of the groups in
Table 1 (see, e.g., [13℄).
The restrition to stati spaetimes is however unneessary from a
geometrial point of view, and the point of this note is to exhibit a
roughly equally large lass of solutions where the brane worldvolume
is an indeomposable Rii-at lorentzian spaetime admitting parallel
spinors. As explained, for example in [5℄, a lorentzian manifold ad-
mitting parallel spinors need not be Rii-at; so it is not enough to
restrit the holonomy in order to satisfy the equations of motion. The
results desribed below are a diret orollary of the methods, if not the
results, of the paper [5℄, to whih the reader is referred for details not
overed here. For the present purposes we restrit ourselves to partially
reproduing in Table 2, one of the tables in that paper, ontaining a
(onjeturally omplete) list of (restrited) holonomy groups of inde-
omposable lorentzian manifolds admitting parallel spinors. For an
explanation of how to understand these subgroups in terms of Lorentz
transformations, as well as for the notion of indeomposability, we refer
the reader to the Appendix and Setion 2.3 of [5℄, respetively.
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p H ⊂ Spin(p)
9 Spin(7)× {1}
8 Spin(7)
7 G2
6 SU(3)
5 Sp(1)× {1}
4 Sp(1)
≤ 3 {1}
Table 1. Restrited holonomy groups of the p-
dimensional manifold X . Only maximal subgroups are
shown. For example in dimension 8 one an have sub-
groups of Spin(7): SU(4) ⊃ Sp(2) ⊃ . . . , and so on.
d H ⊂ Spin(d− 1, 1)
9 G2 ⋉ R
7
8 SU(3)⋉ R6
7 (Sp(1)⋉ R4)× R
6 Sp(1)⋉ R4
≤ 5 Rd−2
Table 2. Restrited holonomy groups of d-dimensional
indeomposable lorentzian manifolds admitting parallel
spinors. Only maximal subgroups are shown.
This note is organised as follows. In the next two setions we apply
the methods of [5℄ to two of the examples of branes disussed by Breher
and Perry: the magneti vebrane of eleven-dimensional supergravity
in Setion 2 and the D8-brane in type IIA supergravity in Setion 3,
onstruting new solutions in eah ase. Finally in Setion 4 we disuss
new Rii-at D3-branes.
After this note had been irulated, we beame aware of the paper
[10℄ where branes with urved worldvolumes are also onsidered.
Aknowledgements. This note was written while I was partiipating in
the programme Holonomy groups in dierential geomety at the Erwin
Shrödinger International Institute for Mathematial Physis. It is
a pleasure to thank the organisers, partiularly Krzysztof Galiki for
the invitation and Dmitri Alekseevsky for the opportunity to speak
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2. More Rii-flat fivebranes
The metri for the magneti vebrane of eleven dimensional super-
gravity is obtained by warping the at metri on the minkowskian
worldvolume of the vebrane with the at metri of the ve dimensional
transverse Eulidean spae. The bakground desribing a number of
parallel vebranes is given by [8℄:
ds2 = H−
1
3 ds2(E5,1) +H
2
3ds2(E5) (1)
F = ±3 ⋆5 dH ,
where ds2(E5,1) is the metri on the six-dimensionalMinkowskian world-
volume E
5,1
of the branes, ds2(E5) and ⋆5 are the metri and Hodge
operator on the ve-dimensional eulidean spae E
5
transverse to the
branes, and H is the following harmoni funtion on E5:
H(r) = 1 +
a3
r3
; a3 ≡ πNℓ3p (2)
where r is the transverse radial oordinate on E5, N is an positive
integer and ℓp is the eleven-dimensional Plank onstant. We have
xed the onstant inH(r) so that limr→∞H(r) = 1. This solution then
orresponds to N oinident vebranes at r = 0. As is well known, this
solution preserves a fration ν = 1
2
of the supersymmetry.
The analysis of [3℄ shows that the above expression remains a super-
symmetri solution provided that ds2(E5,1) is replaed by a Rii-at
Lorentzian metri admitting parallel spinors. One possibility, disussed
in [3℄, is to onsider a produt spaetime E
1,1×K, with K a hyperkäh-
ler four-dimensional manifold. Suh a metri is automatially Rii-at
and sine the solution is half-at, it preserves a fration ν = 1
4
of the
supersymmetry.
Alternatively, one an take an indeomposable Rii-at lorentzian
metri admitting parallel spinors. From Table 2 one reads o that the
(restrited) holonomy of suh a metri must be ontained in a subgroup
Sp(1) ⋉ R4 ⊂ Spin(5, 1). In fat, indeomposability means that there
are only two possible subgroups R
4
and Sp(1)⋉R4. As disussed in [5℄,
the former subgroup preserves a fration ν = 1
4
of the supersymmetry,
whereas the latter preserves a fration ν = 1
8
.
Sine for these groups, the holonomy redution does not guarantee
Rii-atness, whih is neessary to satisfy the equations of motion, we
have to make sure that Rii-at metris with this holonomy do indeed
exist.
The most general loal metri in six dimensions with holonomy
Sp(1) ⋉ R4 has a parallel null vetor, and hene it is a gravitational
MORE RICCI-FLAT BRANES 5
pp-wave of the type studied by Brinkmann in the 1920s [4℄, but one
whih in addition admits a parallel spinor. In adapted oordinates
x+, x−, xi with i, j = 1, . . . , 4 suh that the parallel vetor is ∂−, the
metri has the following form [5℄:
ds2 = 2dx+dx− + a(dx+)2 + bidx
idx+ + gijdx
idxj ,
where a, bi and gij are independent of x
−
and gij(x
+, xi) is a x+-
dependent family of four-dimensional hyperkähler metris. It is possi-
ble to hange oordinates so that the mixed term bidx
idx+ is absent,
and we will do this. Moreover we will assume for simpliity of expo-
sition that the x+-dependene of gij is via a onformal fator. The
metri we will onsider will therefore be given by
ds2 = 2dx+dx− + a(x+, xi)(dx+)2 + e2σ(x
+)gij(x
i)dxidxj ,
with gij now a xed hyperkähler metri.
The only nonzero omponent of the Rii tensor is given by
R++ = −12 △ a− 4
(
σ′′ + (σ′)2
)
,
where the
′
denotes the derivative with respet to x+ and△ is the lapla-
ian relative to the metri gij. If we let a(x
+, xi) = −8 (σ′′ + (σ′)2) f(xi),
then the Rii urvature vanishes provided f obeys △f = 1. Suh an
f an always be found, at least loally.
As an example, we an onsider gij to be at, and f =
1
8
x2. This
gives a new family of ν = 1
4
solutions, labelled by the funtion σ.
3. More Rii-flat domain walls
In this setion we disuss generalised domain walls, fousing on the
D8-brane in the massive IIA supergravity theory of Romans [12℄ for
onreteness; although it should be lear from this disussion how to
generalise this to other domain walls, as disussed in [3℄.
The bakground of the D8-brane [11, 2℄ is given by:
ds2 = H
1
8ds2(E8,1) +H
9
8dy2 and eφ = H−
5
4
with all other elds set to zero, and where H(y) is given by
H(y) = 1 +m|y − y0| ,
withm the mass parameter in the supergravity theory. This metri has
a delta-funtion singularity at y = y0, whih an be ured by adding
a soure for the brane. This solution preserves a fration ν = 1
2
of the
supersymmetry.
Following [3℄, we dene a new variable z by
dz2 = H
9
8dy2 ,
so that the metri beomes
ds2 =
(
1 + 25
16
m|z − z0|
) 2
25 ds2(E8,1) + dz2,
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and
eφ =
(
1 + 25
16
m|z − z0|
)
−
4
5 .
This expression suggests the following generalised D8-brane Ansatz [3℄:
ds2 = F 2(z)ds2(X) + dz2 ,
where X is a nine-dimensional lorentzian manifold and F and φ are
funtions of the real variable z. As shown in [3℄, the hoie
F (z) =
(
1 + 25
16
m|z − z0|
) 1
25
and eφ = F−20 ,
gives rise to a solution of the supergravity theory provided that X
is Rii-at. In addition the solution preserves some supersymmetry
provided that X admits parallel spinors.
The ase of ds2(X) = −dt2 + ds2(Y ), with Y an eight-dimensional
riemannian manifold of holonomy ontained in Spin(7) was disussed in
detail in [3℄. However, aording to Table 2, we see that there are also
solutions orresponding to indeomposable manifolds Y with holonomy
ontained in G2 ⋉ R
7
, provided that they are Rii-at.
A possible onstrution of suh metris in the following. Choose
oordinates (x+, x−, xi), with i = 1, . . . , 7, and onsider the following
metri
ds2(Y ) = 2dx+dx− + a(x+, xi)(dx+)2 + e2σ(x
+)gijdx
idxj ,
where g is a metri of holonomy ontained in G2. The nonzero ompo-
nent of the Rii tensor is given by
R++ = −12 △ a− 7
(
σ′′ + (σ′)2
)
,
whene if we let a(x+, xi) = −14 (σ′′ + (σ′)2) f(xi), then the metri is
Rii-at provided that △f = 1, whih always has a loal solution.
For example, if we take g to be at, then we an hoose f = 1
2
x2,
and obtain a family of Rii-at metris parametrised by the funtion
σ. This family preserves a fration ν = 1
4
of the supersymmetry. Other
frations are possible by allowing g to have larger holonomy; for exam-
ple: ν = 1
8
if g has holonomy Sp(1), ν = 1
16
if g has holonomy SU(3),
and ν = 1
32
if g has holonomy G2.
4. Rii-flat D3-branes
In the previous two setions we have seen how to generalise the ex-
amples of Rii-at branes obtained in [3℄ to nonstati brane world-
volumes. In this setion we show how to urve the worldvolume of
a D3-brane. This ase was not overed in [3℄ beause it is not possi-
ble to urve Rii-at stati worldvolume metris. Indeed, if a four-
dimensional Rii-at lorentzian metri is deomposable, then it is au-
tomatially at.
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The metri for the D3-brane of type IIB is given by [9℄,
g = H−
1
2 ds2(E3,1) +H
1
2 ds2(E6) ,
where now E
3,1
is the four-dimensional minkowskian worldvolume of the
threebrane and E
6
is the eulidean transverse spae. The self-dual 5-
form F has (quantised) ux on the unit transverse ve-sphere S5 ⊂ E6
and the dilaton is onstant. H is again harmoni in E6 and the unique
spherially symmetri solution with limr→∞H(r) = 1 is
H(r) = 1 +
a4
r4
; a4 ≡ 4πgNℓ4s
where g is the string oupling onstant, given by the exponential of
the onstant dilaton, and ℓs =
√
α′ is the string length. The solution
orresponds to N parallel D3-branes at r = 0. The ten-dimensional
Plank length is ℓp ≡ g
1
4 ℓs, so that a an be rewritten as
a4 = 4πNℓ4p .
Just like was done in the previous two setions, we an try to urve
the worldvolume metri while preserving supersymmetry and satisfying
the supergravity equations of motion. As was explained above, the only
possibility is to onsider an indeomposable four-dimensional metri.
Aording to Table 2, for the metri to admit a parallel spinor, it must
have holonomy R
2 ⊂ Spin(3, 1). The most general loal metri with
this holonomy was onstruted, for example, in Setion 3.2.3 in [5℄, and
it an be written as follows:
ds2 = 2dx+dx− + a(dx+)2 + bǫijx
jdxidx+ + dxidxi ,
where b = b(x+) and a = a(x+, xi) are arbitrary funtions, and where
now i, j = 1, 2. The only nonzero omponent of the Rii tensor is
again
R++ = −12 △ a+ 2b2 ,
where △ = ∂i∂i is the laplaian on funtions of the transverse oor-
dinates xi. In order for this to anel, we need that △a should be a
non-negative funtion of only x+, so that we an hoose b = 1
2
(△a)
1
2
.
The most general loal solution is given by
a = f(x+) + gi(x
+)xi + e2h(x
+)x2 and b = eh(x
+) ,
where the four funtions f , gi, and h are arbitrary. Suh a D3-brane
solution preserves a fration ν = 1
4
of the supersymmetry.
Interestingly enough, we an also deform the transverse spae to the
threebrane. One way to do this is to notie that the eulidean metri
in E
6
is that of the metri one over the unit ve-sphere:
ds2(E6) = dr2 + r2ds2(S5) .
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As has been explained, for example, in [1℄, one an substitute the ve-
sphere for any ve-dimensional SasakiEinstein manifold, and reover
a solution with presumably one fourth of the supersymmetry of the
spherial solution. In other words, we an onstrut a large lass of
D3-brane solutions whih preserve a mere fration ν = 1
16
of the super-
symmetry.
1
It is possible to analyse the near-horizon geometry of these three-
brane solutions and to study the Lie superalgebra of symmetries as in
[6℄. Sine the near-horizon geometry does not ontain an anti de Sit-
ter fator, the putative Maldaena dual eld theory is not onformal,
and in fat is not even Lorentz invariant. This is onsistent with the
heuristi piture of understanding the Maldaena dual as living on the
brane, whih is now a urved manifold.
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1
In fat, the fration is at least
1
16
but might atually be larger, sine in this
ase not all the supergravity Killing spinors (i.e., zero modes of the gravitino shift
equation) need be given simply as tensor produts of Killing spinors in the two
fators of the near horizon geometry.
